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1. PeryjiapHtie onepaTopbi. B paSoTe [4j EnpRro^) Buj^ejimji Kjiacc o5biK- 
HOBeHHbix flH4)4)epeHn,HajibHbix onepaTopoB, ^jia KOTopbix nojiynnji on,eHKH a^ep 
FpHHa H flOKaaaji Teopeiviy o pasjiojKeHHH no co6cTBeHHbiM 4)yHKii;HaM. OnepaTopbi 
H3 BToro KJiacca oh HasBaji pezyAHpnuMu. HanoMHHM onpeflejieHne BHpKro(J)a b 
ynpoineHHOH 4)opMe. 

HycTb L — onepaTop, nopojKfleHHbifi flH(J)(J)epeHii;HajibHbiM BbipajKeHneM 

(1) Ky) = {-^ry^''\x) + P2(x)y("-^) + • • • + Pn{x)y, 

H n JIHHeHHO HeaaBHCHMblMH KpaeBblMH yCJIOBHaMH BHfla 

n-1 

(2) U,{y) = 5^ (a,„y(^)(0) + b,,J^\l)) =0, j = l,...,n. 

s=0 

Hpe^nojiaraeM, hto K034)4)Hii;HeHTbi Pj{x), j = 1, . . . , n, — cyMMnpyeivibie KOMnjieKC- 
Hbie (J)yHKii;HH na OTpesKe [0, 1]. CnnTaeM, hto L fleficTByeT b npocTpancTBe -^2(0, 1) 
H onpeflejieH paBencTBOM L{y) = l{y) na oSjiacTH 

D{L) = {y\y^'^ eAC[0, 1], s = 0, 1, . . . , n- 1, /(y) G L2, f/,(i/) = 0, j = l,...,n}. 

S^ecb ylC[0, 1] — npocTpancTBO aScojiiOTHO nenpepbiBHbix 4)yHKn,HH. 
riepenHineM KpaeBbie ycjiOBHa, Bbi^ejiHB CTapniHe nponsBO^Hbie 

(3) 



U,{y) := a,y^'^\0) + b.y^'^^l) + K.Z/^^HO) + b,,sy^'\l)) = 0, j 



,n. 



Mhcjio kj (j = 1, . . . ,n, ^ kj ^ n — 1) HaaoBCM nopndKOM Kpaeeoso ycAoeuM, 
a HHCJio >c = ki + . . . + kn — cyMMapuuM nopudKOM. SaivieHHM KpaeBbie ycjiOBna 

HX JIHHeHHblMH K0M6HHan,HflMH, npH KOTOpblX CyMMapHblH HOpa^OK HaHMeHbniHH. 

C^HTaeM, HTO nojiyHHBniHeca KpaeBbie ycjiOBiia HMeiOT bii^ ([3]), npHHeM HyMepan,iia 
TaKOBa, HTO n — 1 ki ^ k2 ^ . . . ^ kn ^ Tor^a CTapmiie jiHHeiiHbie (J)opMbi 

U^{y) = a,y(^-^)(0) + b,y'~'^\l), j = 1, . . . , n, 

TaK>Ke JIHHeHHO HeaaBHCHMbi (nHane cyMMapnbiH nopa^OK mojkho noHHSHTb), hto 
BJieneT kj > kj^2, CLjbj 7^ 0. 



Pa6oTa BbinojiHena npn nofl^epjKKe PoccHiicKoro (JjOH^a 4)yHflaMeHTajibHbix HCCJieflOBaHHii, 
rpaHT iN"2 04-01-00712 h nporpaMMbi «Beflyiri,He Hay^Hbie mKOJibi», rpanT JV^ HIII-5247. 2006.1. 
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OnPE^EJlEHHE. Upu HeniHOM n = 2m onepamop L nasoeeM pezyAnpnuM no 
Bupmo4>y, ecjiu ne paeen uyAW onpedeAumeAb 

0= , 

n r^"- n F^" n F^" h F^" h F^" 

sde Sk = exp(27r(A; — l)i/n), k = 1, . . . ,n, — Kopnu n-u cmenenu U3 1. Upu Henem- 
HOM n = 2m — 1 mpe6yeM, Hmo6u uomumo amoso onpedeAumeAH 6ua maKotce om- 
Auuen om uyAM onpedeAumeAb, noAynammuucM saMenou e m—OM cmoA6ii,e hucca 
aj Ha bj. 

ripH n = 2m npHBe^eHHoe onpe^ejienHe OTjiH^aeTca ot KjiaccHnecKoro [4], [9], 
r^e Tpe6yeTca OTjinnne ot nyjia eme o^Horo ^HCJia, ho Hecjio>KHO noKaaaib, hto 
BTopoe HHCJio MOJKGT o5paiii;aTbca b nyjib tojibko oflHOBpeivieHHO c npHBefleHHbiM 
3flecb nepBbiM hhcjiom. Ko3(|)4)Hii;HeHTbi Pj{x) flH(J)(J)epeHii;HajibHoro BbipajKeHna h 
MJia;i;mHe HJienbi b KpaeBbix ycjiOBHax He ynacTByiOT b onpeflejienHH peryjiapnocTH; 
L peryjiapen Tor^a h tojibko Tor;i;a, Kor;i;a peryjiapen onepaTop LQ^y) = {—i)"'y^"'\ 
nopojKfleHHbiii KpaeBbiMH ycjiOBnaiviH Uj{y) = 0, j = 1, . . . , n. 

Onpe^ejieHHe peryjiapnocTH nepenocHTca na cymecTBGHHO Sojiee oSmne Kjiaccbi 
KpaeBbix aafla^ co cneKTpajibHbiM napaivieTpoM. /Jjia oSbiKHOBennbix ;],ii(|)(]3epeHn,ii- 
ajibHbix ypaBHeniiH ii ciiCTeM bto c^ejiano b |14| . |12| . [7]. a Teopaa peryjiapnbix 
aa^aa ^jia ypaBHeniiii c aacTHbiMii npoiiSBOflHbiMii nocTpoena b paSoTax [6], [l], 
[2]. HHTepecHO OTivieTHTb, aTO ;i;jia oSbiKHOBennbix flH(J)(J)epeHii;HajibHbix onepaTO- 
poB nopaflKa 2m b cjiyaae pacnaflaiomaxca KpaeBbix ycjiOBiifi mojkho onpe^ejiHTb 
peryjiapHOCTb no JlonaTHHCKOMy ii oho Sy^eT SKBHBajieHTHbiM peryjiapnocTii no 
BHpKro(i)y (cm. [T3l S 9]). 

/l,jia 4)opMyjiHpoBKii ocHOBHoii TeopeMbi o peryjiapnbix onepaTopax y^oGno BBe- 
CTH flonojiHHTejibHbie oSoanaaeniia. Jlyaa argp = ±{7r/2n + aig{iek)) b KOMnjieKC- 
Hoii p— njiocKOCTii naaoBeivi KpiiTiiaecKiiMH. Hx aiicjio paBHO n m 2n b aeTHOM a 
aeaeTHOM cjiyaaax, cooTBeTCTBeaao. Bbipe>KeM as p-ajiocKOCTa OTKpbiTbie ceKTO- 
pbi pacTBopa e < 7r/(2n), SacceKTpacaMa KOTopbix cjiyacaT KpaTaaecKae Jiyaa, a 
ocTaBinaeca n hjih 2n saiviKnyTbix ceKTopoB oGosnaanivi aepea ^{s). 

EcjiH peaojibBeHTHoe MnojKecTBO onepaTopa L nenycTO, to h3 KOMnaKTHOCTa 
BJioaceaaa D{L) C i^2(0, 1) (mm cnaSjKaeM D{L) nopMoa rpa(J)aKa oaepaTopa L, 
Torfla D{L) CTanoBHTca rajib6epT0BbiM apocTpaacTBOM) cjie;i;yeT, aTO caeKTp L flac- 
KpeTabiii, T.e. cocToaT as aaojiapoaaaabix coScTaeaabix aaaaeaaii {Afc}^ Koaeaaoa 
ajireSpaaaecKoa KpaTaocTa. 06o3aaaaM aepea pkj, k = 1, . . . ,n, Kopaa ypaaaeaaa 
Xj = p", aepea Bkj{d) — Kpyra pa^ayca S b p-ajiocKOCTa c n,eaTpaMa b ToaKax 
Pk,j, H aepea B{5) — o5T>eflaaeaae acex TaKax KpyroB ao oSoaM aa^eKcaM k a j. 
HsBecTBO [9], aTO peaojibBeaTa L ecTb aaTerpajibabia oaepaTop 

(L-p")-V(x)= f G{x,^,p)f{Od^, 
Jo 

Tflfi G{x, ^, p) — aflpo Fpaaa. Teaepb c4)opMyjiapyeM ocaoaaoii peayjibiaT. 
Teopema 1. CAedyK)ui,ue ymeepotcdeHUH aKeueaAenmHU. 
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1) Onepamop L pesyAMpen no BupKzo4)y; 

2) npu AK)6oM 6 > bchkuu HeKpumuHecKuu Ayn, euxodsimuu U3 uyAfi, acuMnmo- 
munecKU ne nepeceKaem MHOCHcecmeo C-\B{6), u Bah ecex x, ^ G [0, 1] tt p G C-\B{6) 
dAfi cf)yHKV)UU Fpuna cnpaeedAuea ov^eHKa 



2de nocmoHHuafi M = M{6) ne aaeucum om x,^,p; 

3) naudemcH nocAedoeameAhHocm'b moueK {pk} e odnoM U3 cenmopoe MHOCHcecmea 
^{s) (e CAyuae HeuemHoso n — dee nocAedoeameAbHocmu e deyx cocednux ceKmopax 
3771020 MHOofcecmea) , maKasi, nmo pk ^ oo u ov^euKa (Jll) eunoAnena npu p = pk; 

4) npu AK)6oM e > e o6Aacmu ^(e) eunoAHnemcH ou,eHKa 



sde nocmoHHuaH M = M{e,po) ne saeucum om p, a \\ ■ \\ osnaHaem Hopjuy e L2; 

5) naudemcH nocAedoeameAbHocmb moucK {pk} e odnoM U3 cenmopoe Muootcecmea 
^{e:) (e CAyuae HeuemHozo n — dee nocAedoeameAbHocmu e deyx cocednux ceKmopax 
3mo20 MHOofcecmea) , maKan, nmo pk ^ 00 u ou^enna ([5]) eunoAuena npu p = pk; 

6) cucmcMa co6cmeeHHUx u npucoeduneHHUx (pyHKU,uu onepamopa L o6pa3yem 6e3- 
ycAoenuu 6a3uc co CKo6KaMU e npocmpancmee L2, npuucM e cko6ku odneduHHtomcn 
He 6oAee deyx codcmeennux (pynKU,uu. 

^OKASATEJlbCTBO. HMnjiHKan,HH 1) => 2) flOKasana BHpKro4)OM [4j. Oop- 
MajibHO B [4] (cm. TaK>Ke [9j) on,eHKa ([4]) ^OKaaana na neKOTopoH nocjie^OBaTejibHO- 
CTH KOHTypoB, yxoflflmHx Ha SecKoneHHOCTb. OflnaKO npH jcjiobhh peryjiapnocTH, 
oii;eHKy CHHsy xapaKTepncTHHecKoro onpeflejiHTejia (rojiOMop(|)HOH (i)yHKii;HH, nyjin 
KOTopoH coBnaflaiOT c HHCJiaiviH Pk,j) JierKO npoBecTH bhc MHOJKecTBa B{p). Torp^a. 
oii;eHKa ([4]) nojiynaeTca npn Bcex p G C\B{p). HMnjiHKaii;Ha 1) =^ 4), flOKaaana 
BeH3HHrepoM [3]. HMnjiHKaii;HH 2) ^ 3) h 4) ^ 5) TpHBnajibHbi, a 5) =^ 1) ^o- 
Kaaana MnHKHHbiM b ero HeflaBneii paSoTe [8j. HMnjiHKaiiHa 1) =^ 6) flOKaaana 
IIlKajiHKOBbiM (laM me cm. ccmjikh na npe^mecTByiomHe pa6oTbi H. /IaH(|)op- 
fla H Jim. IIlBapn,a, F. M. KecejibMana h B. Yl. MnxanjiOBa na STy TCMy). OcTacTCfl 
flOKaaaTb 4) =^ 1) h 6) =^ 1). /JoKaaaTejibCTBa oSchx sthx HMnjiHKan,HH hctphbh- 
ajibHbi, B HHx cymecTBCHHO HcnojibsyiOTCfl peayjibTaTbi h npncMbi He^aBHen pa6oTbi 
MnHKHHa [8|. HoflpoGHoe HSJiojKeHHe 6y;i;eT flano b ;i;pyroH pa6oTe, a^ecb otmcthm 
TOJibKO oflHH BcnoMoraTejibHbiH peayjibTaT, nrpaioinHH BajKHyio pojib. 

JIemma. Uycmb {afe}i° — KOMnACKcnue, ne paenue uyAto hucau, apsyMenmu 

KOmopUX pa3AUHHU. UoAOOtCUM 



(4) 



\G{x, p)\^M\p\ 



-n+l 



(5) 




n 



Ck,j 



k=l 
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sde Ckj — npouseoAbHue uucAa, manue nmo \cij\ + . . . + \cnj\ ^ 0, a Wy^kjW^ = 
o{\pj\~^) npu \pj\ oo. HasoeeM npumuHecKUMU Ayuu, apsyMenmu Komopux pae- 
Hu ±7r/2 + argafe. IJocAedoeameAbHocmb {Pj}'i' , saHyMepoeaHHyw e nopMdne eo3- 
pacmanuM ModyAeu, uasoeeM pednou, ecAU naudemcH VieAoe hucao I, maKoe, nmo 
\pj+i/pj\ ^ 2 npu ecex j ^ 1. 

nycmt cucmeMa {'ipj{x)}f o6pa3yem 6a3uc Pucca co CKodnaMU e saMUKanuu 
ceoeu AuneuHou o6oaohku e npocmpaHcmee -^2(0, 1), npuneM e cko6ku saKAwna- 
tomcfi He 6oAee cfiuKcupoeaHHOso hucau N (pyHKii,uu. Tozda e KaMcdoM saMKHymoM 
cenmope, He codepotcaiu^eM KpumuuecKue Aynu, nocAedoeameAbHocmb {pj} HeAnem- 
cn pedKou. 

□ 

2. BnojiHe peryjiapnbie onepaTopbi. 3;],ecb Sy^eM paccMaTpHBaTb ;i,H4)4)epeH- 
n,HajibHbie onepaiopbi neTHoro nopfl^Ka n = 2m, aa^anHbie flH(J)(J)epeHn,HajibHbiM 
BbipajKeHHeM 

m 

(6) m = Y.^-lf {{Vk{x)y^'^f^ - 

k=0 

Tjifi Pm{x) = 1, ^"0(2;) = 0- ^To6bi He ocjiojKHaTb cymecTBO ;i;ejia, npe;i;nojio>KHM, hto 
K03(|)(|)Hii;HeHTbi Pk{x), qk{x), r^ix) TaKOBbi, hto nocjie pacKpbiTHa npoHSBO^Hbix 
;i;H(|)(|)epeHii;HajibHoe BbipajKenne npHBOflHTca k BH;i;y ([T]). ^Jia SToro ^ocTaTOHHO, 
HTo6bi pu{x), rk{x) e iy/=[0, 1], qu{x) G Wfi^, 1]. 
Bfie^eM KBa3HnpoH3BO^Hbie 

y[k\ ^ y{k)^ k = 0,...,m-l, = ?/(™) - r^y^"'-^\ 

(7) ylm+k] ^ _^y[m+k-l]y ^ p^_^y{m~k) ^ [q^_^^^yim-k+l) _ r^_^yim-k-l^ ^ 

k = 1, . . . ,m. 

JlerKO BHfleTb, mto npn (J)HKCHpoBaHHOM x 4)yHKii;H0Haji y^'^^^x) aBJiaeTca JiHHeHHOii 
K0M6HHan,HeH 4)yHKn,HOHajiOB y^^\x), s = 0, . . . , k, m naoSopoT. HosTOMy Kpaesbie 
ycjiOBHa MO>KHO sanHcaTb b bh^g 

(8) %^ + Cy^ = 0, 

r^e B m C — neKOTopbie MaTpHn,bi, a h — BeKTopbi SHaneHHii KBaannpoHa- 

BOflHblX: 

(y(0), y'(0),...,2/(™-^)(0), 2/(1), y' {!),..., y^"^''\l)y, 

r;i;e BepxHHH HH^eKC t osHanaeT TpancnoHnpoBaHHe. 

OnPEflEJIEHHE. Onepamop L, nopoMcdeHHUu ducpcfiepeHii^uaAbHUM eupaotcenu- 
eM ^ u KpaeeuMU ycAoeusiMU ([8]), nasoeeM enoAue pesyAsipHUM, ecAU eunoAHeno 
ycAoeue B~^{imC) = C^™ keiC, zde noHUMaemcH kuk eanmue hoahoso npo- 
o6pa3a om imC npu omo6paatceHuu B. 



{<lk{x)y 



(k)yk- 



1) 



(fe) 
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Teopema 2. Uycmt) onepamop L sadan eupaatcenueM ^ u npaeeuMU ycAoeu- 
HMU (El). CAedywvjiUe ymeepafcdenuM aKeueajienmHU . 

1) Onepamop L sieAsiemcji enoAue pesyAsipnuM. 

2) HucAoeoil o6pa3 onepamopa L ne coenadaem co eceu KOMUAeKCHOu nAOCKOcmhw. 

3) HucAoeou o6pa3 onepamopa L codepMcumcn e ueKomopou noAynAOCKOcmu e C. 

4) KeadpamuHHttM cfiopMa onepamopa {Ly, y)L2 npedcmaeuMa e eude 



^OKASATEJlbCTBO. 3KBHBajieHTH0CTb yTBepjKfleHHH 2) H 3) cjie;i;yeT h3 cboh- 
CTBa BbinyKjiocTH ^HCJiOBoro oSpaaa. 

HMnjiHKan,Ha 1)^4) cjiynaa = = flOKaaana b paSoTe |15| . B oSmeivi 
cjiynae ^OKaaaTejibCTBO mojkho npoBecTH anajiornHHO. MtoSbi noKaaaTb cnpaBe^- 
jiHBOCTb oSpaTHoro yTBep>K^eHHH ^OKajKeM cjie;],yiomyio jieMMy. 

JIemma. Uycmt) Mampuii,a A manoea, nmo Bah ecex x, yi, y2 G C^"^ cnpaeed- 
Aueo paeencmeo {y2,x)c2m = {Ayi,x)c2,n, ecAU x G B~^{imC) u Byi + Cy2 = 0. 
Tozda onepamop L enoAue pesyAHpen. 

^OKASATEJlbCTBO. CnaHajia noKajKeM, hto B^^iimC) ± kerC. EycTb BeKTO- 
pbi yi H y2 TaKOBbi hto Byi + Cy2 = 0. Tor^a yi E B~^{imC) h (?/2, l/i)c2™ = 
{Ayi, yi)c2m. EocKOJibKy Byi + C{y2 + v) = p^jin jiioSoro v G kerC, to (?/2 + 
V, yi)c2m = {Ayi, yi)c2m. EosTOMy {v, yi)c2m = 0, T.e. B~^{imC) ± kerC. 

PaBGHCTBO i?~^(imC) = C^*" ker C cjie^yeT Tenepb h3 Toro, ^to KpaeBbie 
ycjiOBHa jiHHeHHO HeaaBHCHMbi. □ 

/^OKaaaTejibCTBO HMnjiHKan,HH 4) =^3) cjie;],yeT h3 KOMnaKTHOCTH BjiojKeHHii 
W2 C npH r ^ m — 1 H KOMnaKTHOCTH onepaTopoB cjie^a Toy = y^^\0) h 
Tiy = y^^\l) KaK onepaTopoB h3 b C. /^OKaaaTejibCTBO oGparaoH HMnjiHKan,HH 
Sojiee CJIOJKHO h a^ecb mm ero ne npHBO^HM. B HeM HcnojibsyeTca npHeM h3 pa6oTbi 



3AMEMAHHE. BcHKUu enoAHe pezyAsipHuu onepamop pezyAHpeu. /J^eucmeu- 
meAbuo, ecAU L enoAue peeyAsipen, mo ezo HUCAoeou o6pa3 Aeotcum e ueKomopou 
noAynAOCKOcmu, a nomoMy naudemcH ceKmop e KOMnAeKcnou nAOCKOcmu, e Komo- 
poM pesoAbeenma {L — p^)'^ uMeem ov^euKy Tosda no meopejue 1 onepamop 
L pezyAfipen. 06pamnoe, eoo6w,e soeopsi, neeepno. 9mo noKasueaem CAedytoui^uu 
npuMep. 

IIpHMep. EycTb Ly = y^^\ a KpaeBbie ycjiOBHH HMeiOT bh^ 



EpocTaa npoBepKa noKasbiBaeT, mto L peryjiapen, ho ne Bnojine peryjiapen. 



m 



k=l 



m 



□ 
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